
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Carson Slater
Dr Harvill

STA 5353 Homework 5

1 Given X X initN a o G known For Ho p Mo and

H p Mo the test rejects for all I Moth

A Thepower function is

Blu P I Not k 1 P I Not k

I PIE
I 411 41

pl mo J O

b see plot at end of homework
c A valid p value is such that

p E guyPH a

We reject Ho if I's pet k for some k So

pit R I I Of
is a valid p value



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 Let x t Nlm o o known

a We know ll.de of logLfp e o is

l p x 6 flog2704 I E xi m

I log2h04 II It ripe pine

Maximizingw.r.t.pe we have

Ott l iulx.ci I In.pe thnx

Time I

To confirm this is a global maximum

8Él iulx.ci tu Johann 2nd in 0

So pi I is the Mce for pe as l in e o is concave down for

b Consider Ho M M versus H put µ

We need to find the LRT statistic

4,1
240 exp E Ki moi

e 4m Il

240 exp folkKi II

exp.FI lxi m1 IKiell



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

exp E n I n k I xim.FIKettner

The LRT is the test that rejects the null hypothesis

for I exp E nk m.ly e c Seeplot atend of
homework

c The LRT rejection region can be simplified

I log expf E E m fogies

I I m z 4 logic

I I m 21 4 logic

I I M I k where K l 4 logic
So the LRT is the test that rejects H

when I and M differ by more than a

specified amount

d B o P II M e k PE M KUI m.sk

P ICM KU I MIK



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

P I Mo k l plank

P EI Ho 1 1 Pf a

No t l f mtg powerfor

See plot at end of homework



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 Given a randomsample Y Ymid Bernoulli Q we

consider to test Ho 0 0.49 verses Hi 0 0.51

a Find the UMP level x test

Using the Neyman
Pearson Lemma the test that

will reject Ho fo all y such that

fly 10 0.51 Kf 410 0.49

fly10 0.51 s kf 4100.49

o.si YiCo4a1 Ea Eg
0.49EY o.si Ii k

Ea
a n

If
k

The Ump level a testis
the test that rejectsHo

g
m aw

k if fi k

b See table at end of homework

Sufficiently large sample size W N mo m 0 101

Y 3To find the error probabilities

Probs are equal

Wewant to solve III 01 and Pafweclo.a



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

So then by city go
m 0.01 o 1

c m 0.49

ypg
2.33 and É 2.33

C MI 0.49 2.331m0.4910si

Mr0.49 2.331m0.49o.si mfo.si

Im0.4910.54
2.33

m y s we sample size

c 6512.161

must be m 13567 and
decision rule WE 6512

d co cider Ho Getz versus Hit z

To apply the Karlin RubinTheorem WeEY mustbe sufficient
for 0 By the FactorizationTheorem we have that

fly 01 0 ll o I do 0.1

gltallothly
Where g Ty lol fly10 and h 11 1 SoThy
is sufficient for Q



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We must also show the Binomial family has monotone

likelihood ratio For 02 Qi

glwlo

gun
IEEE

It i
Since 020 Q cl gigi is increasing it possible value

of 0 co since É I and É l So
the binomial familyhas MLR By the Karlin Rubin
Theorem the Ump test is to reject it if W s to
where to satisfies a 2Pa.tw w

e Wo o i 2 3 4 5 6 7 8 9
size 0.99 0.98 0.94 0.82 0.620.37 0.17 8.049908 9

Corresponds
a

f A valid p value is a p value pls such that

PK Palwal WE

E1 t.TK
m w

WII

It'll't
is a valid p value If w 7 the pvalue is 0.05468



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 A Given a normal family 02 known AlsoMa Mi

gklmal
g Kim

oexp E x my
data exp E x n

expfof Yi
YI

expfsoit ti Y

exp 4mg.mil Mi mi
262 S

Since the likelihood ratio is
increasing in x V Ma fu

then the family N M O has MLR

b Given a Poisson family with rate t Let to X

Xi

g Iie Y e

This is increasing in x f tas d e so

this Poisson family has MLR



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5 Let glt 10 hltlclo lexpfwlo.lt be a one

parameter exponential family Also let 0250
The Likelihood ratio is

g
tie

glyo
Helotexp wht
hltlclofexpfwlo.lt

exp econ wlo.lt

This function is monotone given w is monotone

over values of 0 So then this exponential family

has MLR

Three examples of one parameter exponential

families are Exp X Gamma i B and

Nlm



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6 let Xi knit N 0,1 let 0 be a specified

value of 0 Consider Ho 070 vs Hi 0 0
a In homework I problem 2 we showed that I

is a sufficient statistic for 0 On page 113

of Casella t Berger we have that a N a o is

is an exponential family so N E l is a

single parameter
exponential family We know

In N O Ya where N is known making

the distribution of TCI a singleparameter

exponential family In Problem 5 of this

homework we showed a single parameter exponential

family has MLR
So the family of pdfs of Th

has MLR So by the KarlinRubintheorem for any

to the test that rejects H if and only if Tak

is a UMP level a test such that x P tek

b We consider that an unbiased test is

such that B O I B O for O E f andO E o

We have that

PLO P IER PII K EE No



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This is the standard normal CDF and is mono

tonically increasing over its support Consideringthe

hypotheses Ho 28 and H O 0

s O So then PLO IB o

this implies
as B al 4 is no tonically increasing

So this test is not unbiased

c The ace of 0 go 1 014 8 E at ExitQ a E
it OEt Es no EMEI

heck GlobalMax

110141 8Ex no n I E I is

The LRT statistic is

40.1 x1k
cola

ear neto it Ee e co

Oo I É

The LRT is the test that rejects Ho when

I XL cc 7 Of cel Also then when O É

this is equivalent to ex fog14 É
n lo E S

which is the same as I CK where

ke fog14 EE
X same test as

a
n lo E



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

d For any specified a valve a level test

satisfies
pye R Ed

Consider an alternative point O Oo From our result

in b we can show that the test rejects Ho if

I 0 22 5 which is 8 PEER By

the necessity principle of the Neyman Peason

Lemma any other 2 level test that has as

high a power at 0
for I O z t must have

thesame rejection region
So if UMP level X

test exists it must be this test I 0 za't as

no other test has a higher power at
Q

Now consider 02 0 which rejectsH if I Great

Then the power of this test
is

o Q
B Oz Patt Got eat P É zit on

Plz EY za za

Po.fi c za 5E P Ic0o ztn
Where P Ic G Et is the power of I Oo eat



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

So then since the power of I GotZahn

is greater
than the power of I Oo Zak

at a 0 and I Oo zit has the

highest power at Q
O then an Ump

level x test does not exists



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

7 Consider Ho pets and H p s
Let X Binomial 5 p For 0 1 loss CI ca I for

40 a I I P and lo a is I p
0 Ept 43

RIO HI
BIN
1 Blp 43 p l

For test 1 Bln P Xel

E I p
i pls

For test 2 Blp PK 24

I L pH p

The Risk for test I is higher for most

extreme values of p and the risk for test

2 is only higher for values pelts s

So test 2 is preferred

See plot at end of homework



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8 Let X knit N 0,6 o known T known no

Consider Ho 010 us H O 0

a we know P 0101 is the probability

Ho is true So then

P 0 0 I P zz
O EEK

yNarla I

p z
II's

i

P Ze
hee

6 IT 64h

HEE
b Bey the definition of a p value

p 11 8 PH I 0 0 plz
o

FY
Sub MI

Of F since I N m.tn



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

c Let o 72 1 So then

P 0 0 4 i Eton from Cal

Of
FI

t t t t Ya
by substitution

p
ne

I n ti

PIE 01 4 1 01fine
We know the standard normal CDF is monotone

increasing over its domain We have that

NI
Int

Tnt So the the probability

the posterior is true is always greater
than

the p value

d Here we have

P 01014 1 41
nee

0 IT 64h

find
in e

or i oxen 0 1 1 0ftp pk



Theory 2 Homework 5 R Output
Carson Slater

1(b)

n <- c(1, 4, 16, 64, 100)
mu <- seq(-3, 3, length = 100)
mu_0 <- 0
sigma <- 1
K <- 0
beta <- list()

# colors
cols <- viridis::viridis(5)

# power function varying by sample size
for (i in 1:5) beta[[i]] <- pnorm(-(mu_0 + K - mu)/((sigma/sqrt(n[i]))))

# plot
plot(mu, beta[[1]], type = "l", lwd = 2, col = cols[1],

main = latex2exp::TeX(r'(Comparison of Five Power Functions)'),
xlab = latex2exp::TeX(r'(\mu)'),
ylab = latex2exp::TeX(r'(\beta(\theta))'))

for (i in 2:5) lines(mu, beta[[i]], col = cols[i], lwd = 2)
abline(h = 0.05, col = "red")
mtext(latex2exp::TeX(r'(\alpha = 0.05)'), side = 2,

line = 0.5, col = "red", at = c(0.05))
legend("topleft", c("n = 1",

"n = 4",
"n = 16",
"n = 64",
"n = 100"),

col = cols,
lwd = c(2, 2, 2, 2, 2),

1

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



bty = "n",
cex = 1.2)

−3 −2 −1 0 1 2 3
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0
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8

Comparison of Five Power Functions

µ

β(
θ)

α
 =

 0
.0

5

n = 1
n = 4
n = 16
n = 64
n = 100

2(b)

xbar <- seq(-2, 2, length.out = 100)
sigma_sq <- 1
theta_0 <- -0.2
n <- 10

lrt <- function(xbar, theta_0, sigma_sq, n) {
output <- exp(-n*(xbar - theta_0)^2/(2*sigma_sq))
for (i in seq_along(xbar)) {

if (xbar[i] >= theta_0) output[i] <- 1
}
output

}

lrt <- lrt(xbar, theta_0 = -0.2, sigma_sq = 1, n = 10)

lam <- exp(-n*(xbar - theta_0)^2/(2*sigma_sq))

plot(xbar, lrt, type = "l", col = "black",

2

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



xlab = latex2exp::TeX(r'(\bar{x})'),
ylab = "Likelihood Ratio Test Statistic",
xlim = c(-2, 2),
main = latex2exp::TeX(r'(Likelihood Ratio Test Statistic ($\theta_0$ = -0.2))'),
cex.main = 1.3)

title(sub = "Sample Size = 10")
abline(h = 0.2, col = "red")
legend("topleft", c("Likelihood Ratio Test Statistic",

"c = 0.2"),
col = c("black", "red"),
lwd = c(2, 2),
lty = c(1, 1),
bty = "n",
cex = 0.75)

−2 −1 0 1 2
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0

0.
4

0.
8

Likelihood Ratio Test Statistic (θ0 = −0.2)

x

Li
ke

lih
oo

d 
R

at
io

 T
es

t S
ta

tis
tic

Sample Size = 10

Likelihood Ratio Test Statistic
c = 0.2

2(d)

n <- c(1, 4, 16, 64, 100)
mu <- seq(-3, 3, length = 100)
mu_0 <- 0
sigma <- 1
K <- 0.5 # K is now 0.5

3

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



beta <- list()

# colors
cols <- viridis::viridis(5)

# power function varying by sample size
for (i in 1:5) beta[[i]] <- pnorm((mu_0 - K - mu)/((sigma/sqrt(n[i])))) + 1 - pnorm((mu_0 + K - mu)/((sigma/sqrt(n[i]))))

# plot
plot(mu, beta[[1]], type = "l", lwd = 2, col = cols[1],

main = latex2exp::TeX(r'(Comparison of Five Power Functions)'),
xlab = latex2exp::TeX(r'(\mu)'),
ylab = latex2exp::TeX(r'(\beta(\theta))'),
ylim = c(0,1))

for (i in 2:5) lines(mu, beta[[i]], col = cols[i], lwd = 2)
legend("bottomright", c("n = 1",

"n = 4",
"n = 16",
"n = 64",
"n = 100"),

col = cols,
lwd = c(2, 2, 2, 2, 2),
bty = "n",
cex = 1.2)

−3 −2 −1 0 1 2 3
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8

Comparison of Five Power Functions

µ

β(
θ)

n = 1
n = 4
n = 16
n = 64
n = 100
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3(b)

m <- 10
w <- 1:10
k <- sapply(w, \(w) (51/49)^(2*w - m))
# since W is Binomial
# P(X in R | Theta = 0.49)
prob <- pbinom(w, size = m, 0.49, lower.tail = FALSE)

cols <- c("W", "k", "Probability Sum Y's is In R")

cbind(w, k, prob) |> as.data.frame() |> knitr::kable(col.names = cols)

W k Probability Sum Y’s is In R
1 0.7261180 0.9873722
2 0.7866027 0.9379222
3 0.8521256 0.8112268
4 0.9231065 0.5982047
5 1.0000000 0.3526028
6 1.0832986 0.1559607
7 1.1735359 0.0480003
8 1.2712898 0.0091028
9 1.3771865 0.0007979

10 1.4919043 0.0000000

7

R1 <- function(p) ifelse(p <= 1/3, pbinom(1, 5, p), 1 - pbinom(1, 5, p))
R2 <- function(p) ifelse(p <= 1/3, pbinom(4, 5, p, lower.tail = FALSE), 1 - pbinom(4, 5, p, lower.tail = FALSE))

p <- seq(0, 1, length.out = 101)
r1 <- R1(p)
r2 <- R2(p)

ggplot() +
geom_line(aes(p, r1), color = "red") +
geom_line(aes(p, r2), color = "blue") +
geom_vline(xintercept = 1/3,

5

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



color = "black", size=1) +
labs(title = "Risk Functions for Different Tests",

y = "Risk") +
coord_equal()

0.00

0.25

0.50

0.75

1.00

0.00 0.25 0.50 0.75 1.00
p

R
is

k

Risk Functions for Different Tests

The risk for test 1 is the red line. The risk for test 2 is the blue line. The black line was added
at 𝑝 = 13 .

6

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 


