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Homework 2

1.
Let Xq,...,X,, be a random sample from a PDF

f(zl0) =672 0<0<z< o0

a.

Using the Factorization Theorem, we can find a sufficient statistic for 8. The joint PDF of «x is,
n
f(@)0) = [ 02; 2 Ijp,00) ()
i=1

= 0" [[ 22 T.00) (1)
=1

o™ .
= WI[O,OO) (min(X;))
i=1T5

= 9(T'(2)|0)h(z).

n
5- So X(1) is a sufficient statistic for 6.

Where g(T(z|0)) = Ijp,00)(min(X;)) and h(z) = Hnix

b.

Using the method of moments, we equate the sample moments with the population moments to
solve for 6.
1 « o0
mp = — xi:/ 202 dr = 1y

n
i=1 o

1 — <
272@-: / —dzx.
n < 0 X

This function diverges and so éMOM does not exist.

C.

To find the maximum likelihood estimator for 8, we can find the global maximum for 6 on the
support of of the likelihood function.

-y
L0le) = [ 5 7.0 ()
=11
o )
==n 3 I[G,oo) (mm(xl))

[Tz
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We can find the rate of change over 6,

g o non—1

a0 | J xf B g xf ’

en
H?:l 9%2

is monotonically increasing over 6 on that interval, OriLe = z(1), because the likelihood is
maximized at z(y).

which is positive for all values of # > 0. We know that 0 < 6 < z(1).- Because
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2.
Let Yi,...,Y, be IID wit the PDF

fo)y=6"1 0<y<0, 0>0.

a.

To find the method of moments estimator for #, we we equate the sample moments with the
population moments to solve for 6.

1/9 1,0 602 8
Ml—eoyy 2?/ ~ 9 Dk
mlzga
0
= 5 =Yy=m
— fvom = 27

b.

To find the maximum likelihood estimator for 8, we can find the global maximum for 6 on the
support of the likelihood function. The joint PDF of Y is

f(ylo) = H Ijo.6 (i)
1

= gn I[o g)(max(y(1)))-

To maximize the likelihood function, find the rate of change for the likelihood function to see
where it is maximized. Normal calculus methods to find global maximums will not work to find
the MLE as the support of the PDF of y is dependent on the parameter 8, the parameter we
are trying to estimate.

(9 -n

-n
Which is negative on # > 0. Therefore 7 is monotonically decreasing, and we know that

n—1
0 € [7(,),00). So L(Aly) is maximized at x(,) because that is the point closest to —oc on a
monotonically decreasing function.
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3.

We have that X1,..., X, have the common distribution

0 if x <0,
P(X; < 2o B) = (;) 0<a<p,
1 ifx>p

a.

(3) o

Using the PDF above, we can apply the Factorization Theorem, showing that

Flo, 8) = H (;‘) 29Ul gy (1)

L
(@ Oh(),

" 1
where ¢(T'(x)|0) = <ﬁo;) To g1 (x(ny) TTiy 2%, and h(z) = Hf:lxi Here we have that
I, Log(zi) = Ijop)(T(n)), as = is bounded between 0 and 8, and 3 is unknown. So by
the Factorization Theorem T'(X) = (i, i, X(,)) is a sufficient statistic for (a, 3).

b.

To find the MLE Of (a, ), we need to find the maximum value of the likelihood function over
its support. Since S is a parameter found in the support, it not possible to use maximize the
likelihood function with respect to 5. We have that the likelihood function is

n

L{a, Blz) = (g“) T () [T 2

i=1

As [ increases, the likelihood function decreases. We know that z(,) < 8 < oo, so then the

likelihood is maximized with respect to § at BMLE = I(y), As for a;, we can take the partial
derivative with respect to « of the log-likelihood function (¢) and set it equal to zero, solving




Name: Carson Slater
Course: Theory of Statistics 2
Instructor: Dr. Harvill

for .

0
80/( @)

_ %bg (L(a, Blz))

= 8(1 (n log(ar) — nalog(B) + log (1o g (% (n))) + aZlog(xi) — Zlog(xi)>
=1 i=1

=— —nlog(B) + Z log(x;)
i=1
n .
=2 1 log(z;) (Si = 2.
— —nlog(x +Z og(w;) (Since AMLE = (n)-)
— 2= nlog( —i—Zlo x;)
a_ g(w g(zi

-1
<— AQMLE = <log :L'(n Zlog Z; ) .

We can show that the likelihood is maximized at ayg by showing that it is a global maximum.
2

0

We can show this by showing Wﬁ(a) < 0 when o = ayrr. We know that n € N. So then we
o

have that

2 e ) SR (U (5)+§n:10 ()
(9042 a=AaMLE - 8a « & i—1 BT a=AaMLE
= —an . <0V ‘&MLE‘ S (0, OO)
a” la=aMLE

Therefore,

1
(GMLE, AvLE) = (<log Zlog (i ) X(n)) -
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4.

We have that Xi,..., X, be a random sample from a population with PDF

Py(X =x)=0%(1-6), forz=00rl1 0<60<0.5.

a.

To find the method of moments estimator for 6, we can set the first sample moment equal to
the first population moment.

Since 0 < 6 < 0.5, we know then that Orion = min(X,0.5).

b.

To find the MLE of 0, we can maximize the log-likelihood function by taking the derivative and
setting it equal to zero to find an extremum. So we have

0

0= 550(0)

0 %Z?ﬂ%
PN S
0 T
= 0=z
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We know that € is bounded by 0 and 0.5, so we then would say that OnLE = min(X,0.5). To

_ 5?2 o
show # = X is a global maximum, we can show that 76(9)) R < 0 for all Oyg € [0,0.5].
062 0=0riLE
62 6(9 _ é Z?:l T - n— Z?:l Ty ‘
002 No=bye 00 0 1—0 =0z
DT m— o 5
= == = oV |6 0,0.5].
H2 + (1 _ 9)2 P N < | MLE‘ € [ ) ]
Z:‘L:I i n-— Z:‘L:1 T 0?2
Because ‘ 02 > ‘ 1= 0)? vV 0 € [0,0.5], we know that Wﬁ(@) ot < 0 over the

viable values of 6. So Oyip = min(X,0.5).
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®
5.
Suppose the random variables Y7, ...,Y, satisfy
Y;Z:Bxi_‘_eia 1=1,2,...,n,
where 1, ..., 2, are constants and ¢;, i = 1,2...,n are IID N(0,02) such that o > 0 and is
unknown.
a.

We know that Y; = Sx; + €;, and that ; is a constant, so then we have that Y; ~ N(Sz;, 02) for
alli=1,...,n. So the joint distribution of each Y; is

(2mo

f(y\ﬁ,az) = 12)3 exp {—%; Z(yz — Bwi)z} (Since Y;’s not IID).
i=1
= $exp _i i(zﬁ — 2Bxy; — ,32372)2
(271_0.2)% 202 g 7 1Y i
1 52 n 1 n B n
= mexp {—%2 Zl’f} exp {—202 . yi + p) Z-szz}
= g(T(y)|8,%)h(y),

where g(T(y)|B,02) = f(y|B3,0?) and h(y) = 1. Then, by the Factorization Theorem, that a
sufficient statistic for (3, 0?) is

T(Y) = (Z - ZY) .
=1 =1

b.
We now will find the MLE of 5 We have it that the likelihood of § is

1 ,82 n 1 n ﬁ n
2y _ _~ 2 = 2, = -
L(/B‘y70- ) - (27_[_0_2)% exp{ 20_2 ;xz } €xp { 20_2 ;yz + 0_2 ;xty’t} )

which yields the log-likelihood

2 n 2 B - o 1 &~ B <
UBly,0%) = —5 log(2mo”) — T‘_Qzlii - T‘_gzyi + ﬁzxzyl
=1 i=1 i=1

1=

Maximizing ¢(8|y, o?), we have

a(B) B < 1 ¢

i=1
2?21 TilYi
> 7512

= BMLE =
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To check if the solution is unique (i.e. a global maximum), we can show the second partial
derivative of £(8|y, o?).

dU(B) 1
—_— N = — Tl . <0V peR.
0B |8=hurr o? ; ! B=BmLE g
Therefore,
AumLe = 72?:1 Tili
Z?:l 5%2
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6.
a.

We have that S?|o? ~ x2_; with sample size n. This is equivalent to saying that S?|o? ~
n—1 202

Gamma, ,
( 2 'n-1
shape parameter a and scale parameter (3,

). We suppose the prior distribution 7(c?) is an inverse gamma with

1 1 1
m(0?) = T(@)30 (021 exp {_W} , 0<0®< o0

We know that the posterior distribution for o2|S? is

F(8%0*)n(0%)

W(GQ\SQ) = (5

Knowing f(S%|0?) and 7(0?), we can say that

1 (n—1)92 1 1
7(0?)5?) Wexp {_ n 2o } (B exp {_W}

_ 1 (n—1)52 1
= o OP LT (T T g

=1G <a+ (”;1)7{(n—21)52+;}—1>'

-1
This implies that the kernel of the posterior is proportional to an IG (a + @, {# + %} > .

2102 (n—1) [(-1)s* 17"
So o°|S NIG<04+2,{2+B} )

10
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b.

We know the Bayes estimator for o is

o = E[0?|5?].

~1
Since 02|52 ~ IG( a + %il), {% + %} ), we need to find the expectation for the inverse

gamma distribution.

P = /ooo“"wal)ga e )
“ ), wre {_ﬁlw} o

Kernel of IG(a — 1, 3)

= ”‘;Za%’ff_l /ooo I'(a —11)5"“1 <x1>a =P {‘51} e

IG(a — 1, 8) Density

I(a—1)p271t
(o — 1) (a—1)pe
- 1
Bla—1)

Knowing the expectation for IG(a, 3), we can find the Bayes estimator for 2.

1
—1

Blo?|52] = ((nfl)SQ . ;) <a L D) 1)
2 B :

11



