Name: Carson Slater
Course: Theory of Statistics 2
Instructor: Dr. Harvill

Homework 1

1.

Let X1, X5,..., X, i f(x]0) such that f(x|@) belongs to an exponential family, given by

f(z]0) = h(z)c(0) exp {Z w; (0)t;( } ,

where 8 = (01,02, ...,04),d < k. By the factorization theorem, a statistic 7(X) is a sufficient
statistic for @ if and only if there exists function ¢(¢|0) and h(x) such that, for all sample points
x and parameter points 0, f(x|0) = g(T'(x)|0)h(x). Let f(x|@) by the joint distribution of
X1,Xo, ..., X,,. We then have, by properties of independent random variables,

f(x|0) = H f(z,]0)

n n k

= Hh(xj)c( exp sz ti(z5)
j=1 Jj=11i=1
n k n

— Hh(a;j) exp Zw, Z (x5)
j=1 i=1 j=1

— Hh(xj)) (c(8))" exp {w1(0) Ztl(mj)} ...exp {wk(H) Ztk(a:j)} :
j=1 j=1 J=1

This implies f(x|0) = g(T(x)|0)h(x) where,

which yields

S (X)) (X)), > te(XG)
j=1

as a sufficient statistic for @ by the factorization method.
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2.

a.

Let ¢ = (X1, X2,...,X,) be the result of N = n independent, identically distributed Bernoulli(0)
trials, and let T(X) = > | X;. We then know that the PMF of the sum of n Bernoulli(f) trials

can be written as

P(T=t)= P(zn: X, =1)
=1

= Z P(Xy=x1,Xo=1m9,...,X,, =x,) (since X;’s IID)

all combinations

B <Z?n1 :cZ) Zﬁlemi(l _ gyt
B (Z”n )92“(1 gy

_ <’t’>; (1i— oyt
= f(x0)

So Y, X; ~ Bernoulli(n,> " | z;) Using the ratio of two sample points, «, and y, where
ty =T(X)and ty =T(Y)

f(t=|0)

(i)
Ftl0) ~ ()00 (1 — o)t
(i)

f(tz|0)
f(tyl0)

pair (X, N) is minimally sufficient. Also, the distribution of N is not contingent on 6, as the
distribution of N is for some probability p; at each ¢ = 1,2,... Therefore, N is an ancillary

statistic for 6.

is constant as a function with respect to 6 if T(X) = T(Y) and n; = na. So then the
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b.

To show that % is unbiased, we can find

X S x n T n—x
B [N] 3 (n>1’f<x>9 1-0)
S (Moo
7 =1
E[X|N=n]=nf
:Z&ne
—n
J
=0.
Additionally,
X X\ Xx7?
2lopl(2 _plZ
vl =2 |(5) ] [

B
J j !

Var[X|N]+E[X|N]?

- i (%(n&(l - e)) 2

j=1

:ijg(l—e) 4+ 02— 02
- n
7j=1

=E[N"Y0(1 - 6)
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3.
iid

Let X1,..., X, ~ N(6,a#?) a is known and constant, and 6 > 0.

a.

We have that this family of distributions can be written as

1 (x —0)2
tﬂxw»—iﬂmpema{—2mp}

1 o —x2 4+ 226 — 62
V2mah? P 2062

_ 1 et w1
B \/27ra06Xp 2a0%2  ab 2a

We can write this normal family as an exponential family, denoting the following components,

1 1 !
h(@) = —=I(-o0,00) () 0) = Jzg &P {_2a}
2132
tl(l‘):—? wl(e):aiez
ta(z) = = w(6) = %'

Here we observe that the functions w; and wsy are both only functions of vectors that have one
element, which is # (one-dimensional). This shows that the parameter space does not contain a
two-dimensional open set, but rather a one-dimensional open set where 6 > 0.

b.

By the factorization theorem, we can show that T(X) = (nz,> I, x?) is a sufficient statistic
for #. This is because the joint density function of X is

f(mw)—ﬁLex A e
N 1 V2ma 0 P 20602  af 2a
. X 1 X5 mn
> ST > ST
V2ma 0 2a6? ab 2a |’

and those are the functions of x that are inseparable from #. We also know that no sufficient
statistic is unique, and that any one-to-one function of a sufficient statistic is also sufficient. Let
one-to-one function

_ 2 2/
9(T(X)) = (tl(X)jtg(X) 261( X))+ t1(X)?/ >7

n n—1
where ¢; and ty are the respective elements of statistic 7'(X). Because sufficient statistics are
not unique, and that one-to-one functions of sufficient statistics are sufficient, we have that
g(T(X)) = (X,5?). So X and S? are sufficient statistics for 6.
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To show that (X,S?) are not complete, we let h(-) be such that E[h(T)] = 0¥ & > 0 and
for all T(X), which would imply P(h(zx) = 0) = 1. Now suppose, for contradiction, that

2

hMT(X)) = :jfn - %2 This implies that
=2 2
E { oo S} - " g - ey
a+n a a+n a
2 2
__n - 2y O (n—1)8
=2 (Var[z] + E[z]%) ln = 1)E[ o ]
n o on  a(n—1)6? (n—1)52 9
= — _—— B —_— ~
a—l—n( 6 + 6%) a(n=1) ecause=—; Xr_1
2
0 iy
a+n
— 02 . 02
=0.

So there exists an h(-) where E ["52 - 5—2] = 0, but E[A(T(X))] = 0 only here. So because

a+n a
E[h(T(X))] = 0 does not hold for all values of # > 0 and x € R, then T'(X) is not a complete
family with respect to 6.
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4.

Let Xi,...,X, be IID with a Geometric(f) distribution. Using the factorization theorem,
we can find a sufficient statistic for #. Using the factorization theorem, we can show that
T(X)=>",X, is a sufficient statistic for §. We have it that the joint PMF of X is

f(x)0) = ﬁ@ xfl

=1
n( 0) r TN
(1

0 i= 1331'

Il
S 5

i
— f(al9) = g(T(@)|0)h(=),

Il
S

—9)TX) o

= 1
1—-6)" (1- 9)"(
>, X is a sufficient statistic for 6 by the factorization theorem.

1 n
where h(z) = I(12, )(x) and g(T(x)|0) = 0”( —f)=i=1%, So T(X) =

To find a family of distributions for T(X) = >, X;, we can also rewrite the distribution

function for X; “ Geometric(0) as,

flz]0) = 0(1— )"

So this joint PDF is an exponential family, and be written using the following components,

(@) = Lo (@) )= (125)
t(r)==x w(f) =In(1 —0).

Since the family is an exponential family, where § € R, where d = k = 1, then ) ;" jz; is a
complete family.
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5.

Consider the following distributions, where X = 0,1, 2 is a random variable.

P(X=0) P(X=1) P(X=2)
Distribution 1 P 3p 1—4p 0<p<0.25
Distribution 2 P P2 1—-p—p*| 0<p<0.5

To show that the family of distributions of X is complete, let T'(X) = X be a sufficient statistic
for parameter p. Consider distribution 1. Let g;(x) be any function of X such that at each
X =0,1,2, Eylg1(x)|p] = 0 for all 0 < p < 0.25. It follows that

0= Ep[g1(x)|p]
2
= g1(x:) P(x;)
=0

= g1(0)p + 91(1)3p + g1(2)(1 — 4p)
< 0=p(g1(0) +3g1(1) +491(2)) — g1(2).

Here, p > 0, but g1(x) does not have to equal zero at each X for all p. A counterexample would
be if g1(0) = 1, g1(1) = —%, and g¢1(2) = 0. Hence, this family of distributions is not complete,
as P(g1(z) =0) # 1.

Now consider distribution 2. Let g2(z) be any function of X such that at each X = 0,1,2,
E,lg2(x)|p] = 0 for all 0 < p < 0.5. It follows that

0 = Ep[ga(z)|p]
2
= g2(i) P(xs)
=0
= (g2(1) — g2(2))p* + (92(0) — g2(2))p + g2(2).

Since 0 < p < 0.5, the only way this equality would be true is if g2(0) = g2(1) = g2(2) =0 =
P(g2(z) = 0) = 1. Hence, distribution 2 is a complete distribution, with X as a sufficient
statistic for p.
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6.
Let X1, Xo,..., X, be an IID random sample from the PDF f(xz|u) = e~ (*=1).

a.

Let Y = T(x) = X(;) = min(X;). By properties of order statistics, we have it that the PDF of

Y is
w01 " n=y
f(y’M)=n<1—e /u etdt> e

= ne™#Y) —oo< u<y < oo,

which cannot be written as an exponential family, as the support is a function of the parameter
. Instead, using the factorization theorem, we can write f(y|u) = g(T(x)|u)h(x), where

9(T(@)|n) = ne" I, oo (min(X;)) h(z) = 1.
Hence X(y) is a sufficient statistic for p.

Now let g : (u,00) — R be a function such that E[g(Y)] = 0 for all 4 € R. This also im-
plies that

0= E[g(Y)]
0
= ZBlgy
o 9]
9 [~ n(u—y) 9 nu - .
= g(y)e dy = ne"™, then divide by n on both sides.
o J, o

=" — gye_”ydy+e”“/ g(y)e ™dy
5 ] 9w o)

(Recall Elg(y)]=0)

n a o —n
=" [ g(y)e ™dy
ou J,
Substituting t = —y and dt = —dy, we can rewrite the integral as

—u
0= e”“/ g(—t)e™dt.
—0o0
1
= (e"")g(—t)(e ") (By Fundamental Thm. of Calculus, also divided by —— on both sides.>
n

=g(y). (Substituted back y = —t)

So g(y) must be equal to zero for all u < y < oo and —oo < p < co. Therefore Y = Xy) is a
complete statistic for p.
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b.

We have that X(;) is a complete sufficient statistic, but we can use the ratio of f(z|u) and
f(y|p), where & and y are random samples, to show X(1) is a complete minimally sufficient
statistic using Bahadur’s Theorem. To show a minimal sufficient statistic exists we have

f(lp) _ exp{np— 370, @i}
flelpw) — exp{np— Y1 yi}
_exp {3 @i}
exp {d -, ¥i}

f(z|p)

f(z|n)
when > 7" x; =Y ",y for T(X) =ax =y =T(X). So based on Bahadur’s Theorem, since a

minimally sufficient statistic exists, we know X(j) is a complete, minimally sufficient statistic.
Now consider S2,

Which implies a minimal sufficient statistic exists, since

is constant as a function of u

52 = (l’i—.f)z

S
| | =
—
-

@
I
—

[(x; —p) — (2 — p)]* (Adding a ‘well chosen’ y)

Il
3

| | =
—_
KMS

@
Il
—

(z—2)? (Let z=2 — p)

I
3

[ |+
—_
.M:

@
I
—

Since z and Z have sampling distributions that do not depend on u, we can say that S? is
ancillary for . Therefore, by Basu’s Theorem, X(;) and S? are independent.
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7.

Let T be sufficient and 75 be a minimally sufficient statistic for 8. Also, let U be an unbiased
estimate of 6. Also, let Uy = E[U|T}] and Uy = E[U|T].

a.

We know that

Uy = E[U|T3]
= E[E[U|Th]| T3]
= E[E[U|T3]|T1] (Ty is a function of T5, so if T is given, T} is known.)
= E[U1|T3]. (By definition of Uy)

b.

Using formulas for conditional variance, we have that

Var[U;] = Var(E[Uy|Tz)) + E[Var(Uy|T?)]
Always (+)
> Var(E[U1|Ts))
= Var(E[E[U;|T1]|T2))
= Var[Us].

10



