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Theory 1 Quiz 2

1.

Z?:l(Xi — X>2'

We are given X1, Xo, ..., X, ~ N(u, 0?). We are interested in E[S] such that $? = 1
n—

We begin by adding a ‘well chosen’ 1,

2 2
_ 5 o S%(n—1)
E[S] = E[V5?] (n—l)E =
02 o0 1 v—1 x
= NI — x 2z e 2 dx
(n=1)Jo "2r (05
o2 > 1

2.

We are given X7 ~ Poisson()\;), where Y = X7 + X5 and Y ~ Poisson(\). We want to find the
distribution of X5.

We know that V¥ = X7 + X9 <— X5 =Y — X;. We also know that X; and X5 are in-
dependent. By definitions of MGFs and expectations of independent random variables, this
would imply that the moment generating function of Xs is,

MetXQ — M(et(yf)ﬁ))
_ My(ety)
- M, (1)
6)\(et—l)
T ohle—1)
_ AMet=D)=d(et-1)

_ A1)

Therefore Xy ~ Poisson(A — Ap).
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3.

Given independent random variables X ~ N (ux,0%) and Y ~ N (uy,0%), and also U = aX =
b, V = cY + d for constants a, b, ¢, and d, we can find the MGF of W = U 4+ V by first finding
the MGFs for U and V,
MU(t) = MaX+b(t) = ethX (at)
Mv(t> = McYer(t) = €dtMy(Ct).
Then we can find the MGF for W = U + V using definitions of MGFs and expectations of
independent random variables,
Mw (t) = My4v (1)
_ E[et(U—H/)]
— E[etU]E[etV]
= My (t) My (t)
= exp (t(b+ d)) Mx (at) My (ct)

o3 t? o2 t?
=exp (t(b+ d)) exp <uXat + ); > exp <,uyct + 2 )

t*(o% +a%>>

= exp <t(b+d+aux+c,uy)+ 5

4.

Given independent random variables X; ~ Unif(a,b) and X3 ~ Unif(a,b), and given Y7 =
X1 + Xo, Yo = Xy, we apply the methods of transformations to acquire (a) the joint density of
Y1 and Ys. We find X1 = g1(y1,y2) = Y1 — Y2 and X9 = g2(y1,y2) = Ya. The Jacobian would be

We know the joint density of X7 and X is
1
fX1X2(5517$2) = m, a<z1<b, a<zy<0h

Therefore, the joint density of Y; and Y5 is

rive (1, 92) = fxix,(91(y1,92), 92(y1, y2)) I
1
= < — <b < <b.
(b_a)ga a=1Y Y2 = 0, a=Y2 >
Supposing a = 0 and b = 1, then X; ~ Unif(0, 1) and Xy ~ Unif(0,1). Then we know the joint
density of Y7 and Y5 is

myva,y) =1, 0<y1 -3 <1, 0<y <1

(b) Continuing in the case, where a = 0 and b = 1, we expect the support of Y7 to be Sy, = [0, 2],
as the transformation should not be uniform, but is the sum of two values ranging from 0 to 1.
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Also the support of Y3 is Sy, = [0,1]. Using the convolution formula and rules of independent
random variables, we derive the distribution of Y7

1 1
fvi(y) = / " fxi (1 = y2) fx, (y2) dya = /0 Ixi (1 —y2) fx, (y2) dy2 = /O Ixi (1 — y2) dyz,
Y2€Sy,

as fx,(y2) = 1forall 0 < yo < 1. Additionally, there exists the conditions where if fx, (y1 —y2) >
0, then 0 < gy —yo < 1.

o If y; € [0,1], we already have y; — yo < 1 since y; < 1 (and y2 € [0,1]). We also need
y1 — y2 > 0 for the density to be nonzero; y2 < y;. Then our integral becomes:

Y1 1

S (y1) = ; Ixin —y2)dya + | fx(y1 — o) dyo
Y1

Y1
= / ldys +0  (since y2 < y1)
0
= [plo' = n

o If y; € [1,2], we already have y; — y2 > 0 since y; > 1 (and y2 € [0,1]). We then need
y1 — y2 < 1 for the density to be nonzero; y2 > y; — 1. Hence, our integral becomes:

y1—1 1
S (y1) = /0 Ix, (1 — y2) dy2 +/ ) Ix:(y1 — y2) dya
Yi—

1
-0 _|_/ ldyy (since ya >y — 1)
y1—1

= [yﬂzlﬂ—l =2- Yi1-

With this in mind, we know that the marginal PDF of Y] = X + X5 is

Y1, 0<y <1
fri=42—-y, 1<y <2
0, otherwise.
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5.
We are given X|r ~ N (0,02 = 1), where 7 ~ Gamma(a, \). (a) We can find the marginal
distribution of X by summing over the support of 7 for fx -(x,7) = f-(7)f(x|7).

| axsten = [ sl dr

AT 1 2T
_/0 F(a)T exp (—AT) TWTexp (—2> dr

(

g [ g (- (2 0) ) o

~~

Gamma (a— % , % —i—)\) density

(b) Finding the conditional distribution of 7| X, we can divide the joint distribution fx (z,7) =
f(7)f(z|T) by the marginal distribution of X.
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6.

We are given X; ~ X?jl and Xy ~ X,QJQ, and they are assumed to be independent. We define
Y] = 21/22 and Y, = Xp. We will first find the joint distribution of Y7 and Y. This would
imply that X; = Z—;YlYg and Xs = Y5. We can find the Jacobian, J, as

121 141
_ I/2y2 V2y1 _ ﬂy2
2
0 1
We know that the joint distribution of X; and Xj is
1 o1 221 _(z1+=g)
fx,.x, (1, 22) = V1+U2I‘ (V )I‘ (V2)ZL‘12 Ty e 2, x1>0, x9>0.
Y1 2
2 2
By the method of transformations, we have,
1 " 71 v ,Q(Llyl+1) 121
Friva (Y1, 42) = NEEZ (V1) r (V?) ;23113/2 yy e P ;zyQ » 120 1>0,
2 ZL Z2
2 2
()7
o A1 vitvo 1 w2 (n
- ? e ? (V2y1+1>a n > Oa Y2 > Oa

S 2Mr(y)r(y)

as the join distribution of Y7 and Y. Finding the marginal pdf of Y7, we need to integrate over
the support of Y5.

T o4
(ﬂ) y12 00 wytvg va (V1
V2 / Yy 2 - 677(5y1+1)dy2
) 0

We recognize that within the integral is the kernel of a Gamma distribution with shape a = Z“JFT”Q

and rate A = % (l’%yl + 1). Adding a ‘well chosen’ 1, we have,

v2

() = = Y e’
1 9 142— 2 F(Vl-gllz) 2

s\ A1 1 (v
() " ) e )] T e pe,
vitrg 0 b2

Gamma(% ,% (%Zﬂ +1) ) density

giving us,

L
41

o
()" r(232) ) () ()
)T (%) ”

Vlgfp(%l)r(%) {; (l,ly1+1>]”§”2 r

2
2

v2

such that y; > 0, where Y7 ~ F(vq, 19).
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7.

We are given random variables W ~ N(0,1), and V ~ x2. We are are interested in the
distribution of T? where T = W/ \/g So then 7?2 = W?2/¥. We know that any random

variable distributed A/(0, 1) that is squared has a x? distribution. So then 7% is the ratio of two

x? random variables divided by their respective degrees of freedom (T2 = WTZ / %) Based off of
the result in problem (6) we know then that T? ~ F(1,r).




