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Problem

Mixtures of independent distributions: suppose the distribution of § = (61,...,60;) can be written as a
mixture of independent and identically distributed components:

J
p(6) = [ T] o101 0)p(0) o
j=1

Prove that the covariances Cov(f;, 0;) are all nonnegative.

We’d like to show that the pairwise covariance is always non-negative. Since the parameters  are ex-
changeable, it is sufficient to show that #; and 2 have non-negative covariance. Using the law of total
covariance, the fact that independent variables have zero covariance, and the fact that exchangeable vari-
ables have the same expectation, it follows that!

COV(91, 92) =E [COV(Ql, 92’¢)] + Cov (E(91|¢), E(92’¢))
=0+ E [Cov(61|0, 02|9)]
= E [E(61[¢)E(02|¢)] — E[E(61|¢)] E [E(62|4)]
—E [(E(6:]6))°| - (EE(6:]9))*
= Var (E(6:|¢)) > 0.

'T found this result here.


https://en.wikipedia.org/wiki/Law_of_total_covariance
https://en.wikipedia.org/wiki/Law_of_total_covariance
https://stappit.github.io/posts/bda3/chapter_05_exercise_05.html

	Problem

