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2.9
Suppose Y; ~ Bernoulli(p;) with logit(p;) = x 3,7 = 1,...,n, where X is the n x p design matrix.

(a) Write down the log-likelihood function /(3;y).

The likelihood function is the product of the individual Bernoulli probability mass functions:
L(By) = [[pV (1 —pi)' ¥
=1

The log-likelihood function I(3;y) is the natural logarithm of the likelihood:

n

(Biy) =log L(Byy) = Y [yilog(pi) + (1 — i) log(1 — pi)]
=1

We can re-express this by factoring out y;:

n

1B;y) = [yilog(pi) — yilog(1 — pi) + log(1 — p;)]
=1

— g [yi log <1 fipi) + log(1 — Pi)]

Given the logit link, logit(p;) = log(p:/(1 — p;)) = %/ B. Let 5; = x| B. From n; = log(p;/(1 — pi)),
we exponentiate to get € = p;/(1 — p;), which implies p; = € (1 — p;) = pi(1 + %) = e =
p; = € /(1 + ™). This also gives 1 — p; = 1 — 1_7_% = ﬁ Taking the log, we find log(1 — p;) =
log(1/(1 + e")) = —log(1 + €™). Substituting log(p;/(1 — p;)) = n; and log(1 — p;) = —log(1 + ™)
into the log-likelihood equation:

n

(Bry) =Y [yimi — log(1 + "))

=1

=3 [0 B) — log(1 + 4]
=1

(b) Differentiate to obtain the score vector U(3) = X' (y — p(8)) and H(3) = —X'W(B)X,
respectively, where W (3) = diag(p;(3)(1 — p:(3))).



The score vector U([3) is the p x 1 vector of first partial derivatives of I(3;y) with respect to 3. We use
the chain rule, differentiating with respect to n; = x, 3:

_8l_n%_n 811(‘377@
U(ﬂ)‘aﬁ‘;aﬂ‘;<8maﬁ>

First, aé =35 = X Second, gf]i = a%i (yin; — log(1 4 €")) = y; — 1+le77i el =y — 157;71.. Since

pi = € /(14 "), we have gf]'?_ = y; — pi. Substituting back, U(8) = >_:" ;(y; — pi)x;. In matrix form,

thisis U(B8) = X" (y — p(B)).

The Hessian matrix H (3) is the p x p matrix of second partial derivatives, found by differentiating U (3)

with respect to 3 :
(g =228 _ 0 (Z@i —pnx,»)

08T opT \
~_ Oy —pi . Ipi
S dn) e ()
=1 86 i=1 8’6
We apply the chain rule to é‘? g% :

Opi _ Op; On; _ Opi

08T OmopT  om

We need the derivative of p; with respect to n;. Using the quotient rule:
6p2 8 ( eni ) . eni (1 + eni) — eni (enz)

on;  On; \1+em (14 em)?
(14em)2 (14 em)?

_ e 1 = pi(1 )
A\l 4en 14em) bi pi
T

This is the variance of a Bernoulli(p;) variable. Let w; = p;(1 — p;). Substituting back: aaé’% = WiX; .

Finally, substituting this into the expression for the Hessian:
n n
H(B) = in(—wixj) =— Zwixixj
i=1 i=1

This sum of outer products can be written in matrix form. Let W (3) be the n x n diagonal matrix with
w; = pi(B)(1 — pi(B)) on the diagonal. Then:

H(B) = -X"W(3)X

(c) For a reference point 3, show that a first-order Taylor expansion yields

L(B,)
L(Bo)

~ exp{(B; — By) ' U(By)}.



Which aggregated sample sums appear inside U(3)?

We perform a first-order Taylor expansion of the log-likelihood function [(3) = log L(/3) around the point
Bo:

1(81) = UBy) + (B, — By) "VI(By)

The gradient VI(3,) is by definition the score vector U(3).

1(81) ~ 1(By) + (81 — Bo) 'U(By)

Rearranging the terms gives the log-likelihood ratio:

1(B1) = U(Bo) = (B1 — Bo) " U(By)
Since [(B34) — 1(By) = log L(B;) — log L(By) = log(L(B)/L(By)):

L(B1) T
lo ~ (B —By) UPB
g L(B,) (B4 0) U(Bo)
Exponentiating both sides gives the desired approximation for the likelihood ratio:
L(B1) T
~ ex — U
T(By) p{(B1 — Bo) U(By)}

The score vector U(B3,) is U(By) = X' (y — p(By)) = X'y — X" pg. The aggregated sample sums
that appear inside U(3,) are the elements of the p x 1 vector X Ty. The j-th element of this vector is
> ity @iy, which is the sum of the j-th predictor variable weighted by the observed outcomes ;.

(d) Extend to second order, verifying that

L(3,)
8 T (6o)

where Wy = W(3,).

~ (8, B0)TU(By) — (8, — B0) X WX (8, — B,),

We extend the Taylor expansion of I(3;) around 3 to the second order. A second-order expansion of a
vector function f(z) around zg is f(z1) ~ f(z0) + (z1 — z0) ' Vf(z0) + 3(z1 — 20) ' H(20)(2z1 — 20),
where H is the Hessian matrix. Applying this to I(3):

18y) ~ 1Bo) + By — Bo) TVIBo) + 581 — Bo) T H(Bo) (81 — By)

From part (b), we know the gradient is the score vector VI(3,) = U(B,) and the Hessian is H(3,) =
~XTW(B,)X = —XTWX. Substituting these into the expansion:

1By) = 1(8) + (B, — B0) U(B0) + (81— Bo) T (~X WeX)(8, -~ o)

Subtracting [(3) from both sides gives the quadratic approximation to the log-likelihood ratio:

L8y - Bo) XWX (8, - o)

U(By) = U(By) ~ (B — /60)TU(,60) -5



Recognizing I(B;) — [(By) = log(L(B1)/L(By)), we have verified the relationship.

(e) How do the score vector and observed information act as an approximate sufficient summary
of the data near 3,?

The result from (d) shows that the log-likelihood ratio log(L(3;)/L(3,)) for 3, near 3 is approximately:

L(3,)
8 T(6o)

This is a quadratic function of (3; — 3;). This approximation of the log-likelihood surface depends on
the data y only through the score vector U(3) = X Ty — X Tpg. The other term, the Hessian H (By) =
—X "W (X, depends only on the reference point 3, and the design matrix X, not on the n-dimensional
data vector y. The observed information matrix is I(3,) = —H(B,) = X" WX. Therefore, for local
inference about 3 near 3, the entire n-dimensional data vector y influences the shape of the likelihood
surface only through the p-dimensional score vector U(3). By the logic of the Factorization Theorem,
this implies that the score vector U(3), evaluated at 3, along with the (data-independent) observed
information I(3;), contains all the relevant information from the sample for making inferences about 3
in this local neighborhood. They act as an approximate sufficient summary (or “approximate sufficient

1

~ (81— By) 'U(Bo) + 5(B1 = Bo) " H(Bo)(B1 — By)

statistic”) of the full data y, reducing the n-dimensional data to a p-dimensional summary for the purpose
of local inference.
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